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Abstract
For p a prime and a ∈ Q, where a is not a pn-th power of any
rational number, the extension Q(wn)/Q where wn = p
n√
a is separa-
ble but non-normal. The Hopf-Galois theory for separable extensions
was determined by Greither and Pareigis, and the specific classifica-
tion for radical extensions such as these by the author. In this work
we extend this theory to a certain class of profinite extensions, namely
those formed from the union of these Q(wn). We construct a ’profinite’
Hopf algebra which acts, and show that it satisfies a generalization of
a result due to Haggenmu¨ller and Pareigis on the structure of Hopf
algebra forms of group algebras.
Key words: Hopf-Galois extension, Greither-Pareigis theory
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Introduction
A separable field extensionK/k is Hopf-Galois if there is k-Hopf algebra
H as well as a k-algebra map µ : H → Endk(K) such that for h ∈ H and
1
a, b ∈ K, one has
µ(h)(ab) =
∑
(h)
µ(h(1))(a)µ(h(2))(b) (1)
where for ∆ : H ← H ⊗H the co-multiplication of H,
∆(h) =
∑
(h)
h(1) ⊗ h(2)
and where µ induces a k-algebra isomorphism
1#µ : K#H → Endk(K) (2)
and
KH = {x ∈ K|µ(h)(x) = ǫ(h)x ∀h ∈ H} = k (3)
where ǫ : H → k is the co-unit map of H. All these properties generalize
what happens when K/k is Galois with G = Gal(K/k) for then one may
set H = k[G] with ∆(g) = g ⊗ g and ǫ(g) = 1 and where the map µ : H →
Endk(K) is obvious. In this situation (1) is simply the multiplicative action
of the group elements extended linearly to sums in H, (3) is due to KG =
k and (2) is linear independence of characters. As such, a Hopf-Galois
structure for some other Hopf algebra (where indeed K/k may not even
be Galois in the first place) is a way to generalize these three fundamental
aspects of ordinary (classical) Galois theory of fields. Indeed the case where
K/k is separable, but not Galois is the starting point of the work of Greither
and Pareigis [5]. The primordial example they begin with (and one which
is, broadly generalized, part of the family of extensions we consider in this
work) is Q( 3
√
2)/Q which is non-normal due to the lack of roots of unity in
the ground field Q of course. Nonetheless, a certain rank 3 Hopf algebra
can be shown to act on this extension to make it Hopf-Galois. Rather than
give the example as it is presented in [5] we shall look at all such radical
extensions in general.
1 Greither-Pareigis Theory
The setup in [5] is as follows. For K/k a finite separable extension of
fields, with Galois closure K˜/K, let Γ = Gal(K˜/k) and ∆ = Gal(K˜/K).
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The natural action of Γ on the left cosets S = Γ/∆ yields a map λ : Γ →
Perm(S) = B. Note that for ∆ trivial λ is the left regular representation of
Γ in its group of permutations. Also one needs the following definition.
Definition 1.1: A regular subgroup N ≤ Perm(S) is one that acts transi-
tively and fixed point freely on the elements of S. That is the orbit of any
element of S under the action of N is all of S and if n(s) = s for any s ∈ S
then n is the identity element.
A consequence of regularity is that for any such N , |N | = |S|. With
these definitions in mind, one has
Theorem 1.2:[5, Theorem 2.1] Given K/k and B = Perm(Γ/∆) for Γ, ∆ as
above, the following are equivalent:
(a) There is a k-Hopf algebra H making K/k H-Galois.
(b) There is a regular subgroup N ≤ B such that λ(Γ) ≤ NormB(N)
Moreover by Galois descent H can shown to be (K˜[N ])Γ, the fixed ring under
the diagonal (simultaneous) action of Γ on K˜ (via the Galois action) and on
N by conjugation in B by the elements of λ(Γ).
The Hopf algebra given as the fixed ring has the further property that
K˜ ⊗ H ∼= K˜ ⊗ k[N ], that is, in the language of descent, H is a K˜-form
of the group ring k[N ], i.e. the two k-Hopf algebras become isomorphic
as K˜ Hopf algebras. The enumeration of Hopf-Galois structures on a given
K/k amounts to the enumeration of the regular subgroups of B normalized
by λ(Γ). Much recent work has focused on the case where K/k is already
Galois with group Γ and therefore one is searching for regular subgroups of
Perm(Γ) normalized by the left-regular representation of Γ. However, we
shall be considering cases closer in spirit to the original motivation for this
subject, namely the construction of Hopf-Galois structures on non-normal
separable extensions. Of particular relevance to the current discussion is
the following class of extensions as defined in [5, Proposition 4.1]
Definition 1.3: If K/k is a separable extension with Γ and∆ as above then
if there exists N ⊳Γ such that N ∩∆ = {e} and Γ = N∆ (i.e. N is a normal
complement to ∆ in Γ) then K/k is Hopf-Galois for H = (E[Nopp])∆ where
3
E = K˜N and Nopp = CentB(N). Such a Hopf-Galois structure is termed
almost classical.
This bears some exploration in terms of the construction of the Hopf
algebra which acts. If N is a normal subgroup of Γ with fixed field E then
have
K˜
N
⑧⑧
⑧⑧
⑧⑧
⑧⑧
Γ
∆
❅❅
❅❅
❅❅
❅❅
E
∆
❆❆
❆❆
❆❆
❆❆
K
⑥⑥
⑥⑥
⑥⑥
⑥⑥
k
where Gal(E/k) ∼= ∆ by natural irrationality. Observe that N being a nor-
mal subgroup of Γ means that, if we identify N with λ(N) embedded in B
that λ(N) is normalized by λ(Γ). Moreover, since N is a normal comple-
ment to ∆ in Γ then (viewed inside B), N is regular. As such, N itself gives
rise to a Hopf-Galois structure with Hopf algebra (K˜[N ])Γ. However, for N
a regular subgroup it’s readily shown that Nopp = CentB(N) is also regular
and moreover that NormB(N) = NormB(N
opp) which is a direct analogue
of the relationship between the left and right regular representations of
a group G in its group of permutation (whose common normalizer is the
holomorph Hol(G)). The Hopf algebra that arises using Nopp is of course
(K˜[Nopp])Γ, but since Γ = N∆ and since N centralizes Nopp and has fixed
field E then
(K˜[Nopp])N∆ = ((K˜[Nopp])N)∆ = (E[Nopp])∆
which is basically the observation made in [5, Corollary 3.2]. For the case
where N is abelian then Nopp = N and H = (E[N ])∆ whose action even
more so merits the adjective almost classical since the action is based on the
existence and action of a subgroup of the Galois closure of K/k. For the
cases we shall be studying this will be the situation since N will be cyclic of
prime power order. Indeed it is a natural extension of the author’s work in
[8] enumerating the Hopf-Galois structures on radical extensions k(w)/k
with w 6∈ k where char(k) = 0 and wpn = a ∈ k (p an odd prime) where k
contains at most a pr-th root of unity but not a pr+1 root of unity.
Theorem 1.4:[8, Theorem 3.3 and Theorem 4.5] The radical extension k(w)/k
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given above has exactly pr Hopf-Galois structures for 0 ≤ r < n and pn−1 for
r = n, of which pmin(r,n−r) are almost classical and for all, the associated
group N is cyclic of order pn.
Note that for r = 0 such a radical extension has exactly one Hopf-Galois
structure, and it is almost classical.
2 Radical Extensions of Q
Here we shall consider the radical extensions Q(a1/p
n
)/Q for p an odd
prime, where a is not a pn-th power of any rational number. Since Q con-
tains no pn-th roots of unity, these extensions are acted on by a unique
Hopf algebra. We shall discuss their structure and how they relate to Grei-
ther Pareigis theory and the study of Hopf algebra forms in [6]. Later, we
shall construct a profinite Hopf algebra form that generalizes Theorem 5 of
[6] and show that this form acts on the direct limit (union) of the exten-
sions Q(a1/p
n
). We will also view this action in terms of regularity to try
and extend the results of Greither and Pareigis to such profinite separable
extensions.
We shall use the following notation:
wn = a
1/pn , a ∈ Q (a not already a pn−th power)
ζn = a primitive p
n−th root of unity
Nn = Gal(Q(ζn, wn)/Q(ζn))
∆n = Gal(Q(ζn, wn)/Q(wn))
Γn = Gal(Q(wn, ζn)/Q)
which is diagrammed below.
Q(ζn, wn)
Nn
ss
ss
ss
ss
ss
Γn
∆n
▲▲
▲▲
▲▲
▲▲
▲▲
Q(ζn)
▲▲
▲▲
▲▲
▲▲
▲▲
▲
Q(wn)
rr
rr
rr
rr
rr
rr
Q
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Now Q(wn)/Q is a separable, non-normal extension which is H-Galois,
for H exhibited below. Observe that Q(ζn)/Q is such that Q(ζn)Q(wn) =
Q(ζn, wn) the normal closure of Q(wn)/Q. Hence Q(wn)/Q is almost clas-
sically Galois. To compute the relevant Hopf algebra form we proceed as
follows. There is a natural action:
Q(ζn)[Nn]⊗Q(ζn, wn) −→ Q(ζn, wn)
Here Nn = 〈σn〉 is cyclic of order pn where σn(wn) = ζnwn and ∆n ∼=
Gal(Q(ζn)/Q). This, in turn, is isomorphic to (Z/p
nZ)× via the homomor-
phism t : ∆n −→ (Z/pnZ)× where, since ∆n = 〈δn〉 is cyclic of order φ(pn),
we define t(δn) = π ∈ (Z/pnZ)× a primitive root mod pn. Furthermore
∆n ∼= Aut(Nn) via the map τn where we define τn(δn)(σin) = σit(δn)n = σipin .
Moreover, since Q(wn) and Q(ζn) are linearly disjoint over Q we have
Γn = Nn∆n ∼= Nn ⋊ ∆n and by natural irrationality ∆n may be viewed
as Gal(Q(ζn)/Q). We can define then an action (the diagonal action) of ∆n
on the group ring Q(ζn)[Nn] as follows:
δn(rζanσ
b
n) = rζ
api
n σ
bpi
n where r ∈ Q
Of course, ∆n acts on Q(ζn, wn), so we may pass from:
Q(ζn)[Nn]⊗Q(ζn, wn) −→ Q(ζn, wn)
by descent to the corresponding action:
(Q(ζn)[Nn])
∆n ⊗ (Q(ζn, wn))∆n −→ (Q(ζn, wn))∆n
By Theorem 5 of [6] we have that (Q(ζn)[Nn])
∆n is a Q(ζn)-Hopf algebra
form of QNn, since ∆n = Gal(Q(ζn)/Q)) and Aut(Nn) ∼= ∆n. We shall
denote this Hopf algebra by Hn and since Q(ζn) ⊗Q Hn ∼= Q(ζn)[Nn], then
rkQ(Hn) = p
n. That we have an action
Hn ⊗Q(wn) −→ Q(wn)
follows from [5, Proposition 4.1] which says that the almost classical ex-
tension Q(wn)/Q is Hopf-Galois for an E-Hopf algebra form of a QN where
N = Gal(E/Q) is a normal complement to ∆n inside Γn. However, again
by [8, Theorem 3.7 and Theorem 4.5], the only such subgroup is Nn and
so this is the only almost-classical structure for this extension.
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2.1 Hn and how it acts
The Hopf algebra Hn is a fixed ring under the action of ∆n as given above.
We shall show that this is a relatively familiar object by constructing a basis
for it.
Proposition 2.1: Hn is isomorphic to (QNn)
∗ the linear dual of the group
ring.
Proof. We start by defining the elements:
en,i =
1
pn
pn−1∑
j=0
ζ−ijn σ
j
n
for i from 0 to pn − 1. For ∆n = 〈δn〉 we have
δnen,i =
1
pn
pn−1∑
j=0
ζ−piijn σ
pij
n
=
1
pn
pn−1∑
j=0
ζ−i(pij)n σ
(pij)
n
= en,i
since (π, p) = 1. Therefore each en,i is contained in Hn and to show that
these comprise a basis for Hn we shall, along the way, identify Hn as a
familiar object. Specifically, given Nn = 〈σ〉 we have the character group
N̂n = 〈χn〉 where χjn(σkn) = ζjkn . In [2, Theorem 7.10] it is shown that
for a connected commutative ring R, and finite abelian group G where
|G| is invertible in R that if R contains a primitive exp(G)th root of unity
that R[G] ∼= R[Gˆ] ∼= (R[G])∗ = HomR(R[G], R). Our basis for Hn uses
basically this result. Since Nn is cyclic, the map σn 7→ χn is a group iso-
morphism which can be extended by linearity to an isomorphism (of rings)
Q(ζ)[Nn] → Q(ζ)N̂n. If we let ∆n act on Q(ζ) in the usual way and act on
N̂n by
δnχn = χ
pi
n then the above isomorphism is ∆n-equivariant. Under this
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map, en,i 7→ ên,i where ên,i = 1pn
∑pn−1
j=0 ζ
−ij
n χ
j
n and we have then that
ên,i(σ
k
n) =
1
pn
pn−1∑
j=0
ζ−ijn χ
j
n(σ
k
n)
=
1
pn
pn−1∑
j=0
ζ−ijn ζ
kj
n
=
1
pn
pn−1∑
j=0
ζj(k−i)n
= δik
That is, we may identify the ên,i’s with the en,i constructed earlier and in
doing so identify the Q span of these with (QNn)
∗, the Q dual of the group
ring QNn. Since the isomorphism Q(ζ)[Nn] → Q(ζ)N̂n is ∆n-equivariant
we conclude that Hn ∼= (QNn)∗.
This isomorphism is not unexpected in light of [5, p.247 Remark 2] where
the authors observe (due to [3, p.39]) that if Xn − an is irreducible over k
then k(a)/k is Hopf-Galois where the Hopf algebra acting is the dual of the
group ring. From 1.4 we know that this is, of course, the only Hopf-Galois
structure. The isomorphism of Hn with the dual of the group ring is not
just merely a way to identify it with something familiar. It actually yields
an interesting parallel when we look at how it acts on Q(wn).
Proposition 2.2: The action of Hn on Q(wn) is as follows. If i = 0, . . . , p
n−1
and k = 0, . . . pn−1 then en,i(w
k
n) = δikw
k
n.
Proof. A basis forQ(wn) over Q consists of powers w
k
n for k from 0 to p
n−1.
8
Using the en,i given earlier, where i = 0, . . . , p
n−1, direct calculation yields
en,i(w
k
n) =
1
pn
pn−1∑
j=0
ζ−ijn σ
j
n(w
k
n)
=
1
pn
pn−1∑
j=0
ζ−ijn (ζ
kj
n w
k
n)
= wkn
[
1
pn
pn−1∑
j=0
ζ−ij+kjn
]
= wkn
[
1
pn
pn−1∑
j=0
ζj(k−i)n
]
= δikw
k
n
As such, the en,i are almost a ’dual basis’ to {1, wn, . . . , wpn−1n }.
Now we know that Hn will be a form of Q[Nn] in that Q(ζn) ⊗ Hn ∼=
Q(ζn)[Nn] but it will also be important in the sequel to have some insight
into the structure of Q(ζm)⊗Hn for different m. We have the following:
Lemma 2.3: Given Hn as defined above, if m ≥ n then Q(ζm) ⊗ Hn ∼=
Q(ζm)[Nn] and if m < n then Q(ζm)⊗Hn contains σpn−mn .
Proof. For m ≥ n we have that Q(ζn) ⊆ Q(ζm) so that Q(ζm) ⊗ Hn =
Q(ζm)⊗ (Q(ζn)⊗Hn) = Q(ζm)⊗ (Q(ζn)[Nn]) = Q(ζm)[Nn].
If m < n then Q(ζm) ⊗ Hn will not be the full group-ring since Q(ζm)
doesn’t contain pn−th roots of unity, so in particular it will not contain σn.
However, using the basis {en,i} for Hn together with the fact that ζm =
(ζn)
pn−m we can show that this partial base extension of Hn contains σ
pn−m
n .
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Consider the following Q(ζm)-linear combination of the en,i
pn−1∑
i=0
ζaip
n−m
n en,i =
pn−1∑
i=0
ζaip
n−m
n
[
1
pn
pn−1∑
j=0
ζ−ijn σ
j
n
]
=
pn−1∑
j=0
[
1
pn
pn−1∑
i=0
ζaip
n−m
n ζ
−ij
n
]
σjn
=
pn−1∑
j=0
[
1
pn
pn−1∑
i=0
ζaip
n−m−ij
n
]
σjn
where now the coefficient of σp
n−m
n is
1
pn
pn−1∑
i=0
ζ (ai−i)p
n−m
n
which, if we choose ai = i for each i yields 1. And for j 6= pn−m one has
1
pn
pn−1∑
i=0
ζ i(p
n−m−j)
n
where we may view the i as coming from Zpn . As such if p
n−m − j = pku
where gcd(u, p) = 1 then multiplication by pku represents an onto homo-
morphism from Zpn → Zpn−k and since∑
t∈Z
pn−k
ζ tn = 0
then
1
pn
pn−1∑
i=0
ζ i(p
n−m−j)
n = 0
for j 6= pn−m. Thus, this Q(ζm)-linear combination of the en,i is exactly
σp
n−m
. That Q(ζm) ⊗ Hn contains the unique order pm subgroup of Nn
is not a coincidence since one could, from the elements of 〈σpn−mn 〉 and
Q(ζm) ⊆ Q(ζn) form a collection {e′m,i} whose Q-span would be an H ′m ⊆
Hn isomorphic to Hm where therefore Q(ζm)⊗H ′m ∼= Q(ζm)[Nm]. The point
is, that this is the smallest subgroup of Nn which lies in Q(ζm)⊗Hn.
10
It’s also interesting to compare the extensionsQ(ζn, wn)/Q(ζn) andQ(wn)/Q.
The extension Q(ζn, wn)/Q(ζn) is Galois with respect to the group Nn and
therefore canonically Hopf-Galois with respect to the Hopf algebraQ(ζn)[Nn].
And we’ve now demonstrated that the extension Q(wn)/Q is Hopf-Galois
with respect toHn which is isomorphic to (QNn)
∗. The analogy being made
here is to the natural irrationality Gal(Q(ζn, wn)/Q(wn)) ∼= Gal(Q(ζn)/Q).
It is also worth considering the induced isomorphism (in this case) of
Q(wn)#Hn ∼= EndQ(Q(wn))
which is a consequence of Q(wn)/Q being Hopf-Galois with respect to Hn.
The underlying algebra of Q(wn)#Hn is Q(wn) ⊗ Hn but where the multi-
plication is ’twisted’ by the action of Hn on Q(wn). Specifically
(a#h)(b#h′) =
∑
(h)
ah(1)(b)#h(2)h
′
where ∆(h) =
∑
(h)
h(1) ⊗ h(2)
and for Hn one has
∆(en,i) =
∑
{s,t | s+t=i}
en,s ⊗ en,t
since Hn is dual to the group ring and the en,i are the basis of this dual.
Bear in mind also that
dimQ(EndQ(Q(wn))) = dimQ(Q(wn)⊗Hn))
= [Q(wn) : Q] · dimQ(Hn)
= p2n
where Hn is embedded as the span of the {en,i} given above in 2.2 and
Q(wn) is embedded as those linear transformations induced by left mul-
tiplication by the basis elements {1, wn, . . . , wpn−1n }. As such {wjn#en,i} is
a basis for Q(wn)#Hn, where we may also view EndQ(Q(wn)) as being
spanned by these elements. Specifically we have
(wjn#en,i)(w
k
n) =
{
0 if i 6= k
wj+kn if i = k
(4)
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which yields the multiplication explicitly, in accordance with the formula
above:
(wjn#en,i)(w
k
n#en,l) =
∑
{s,t s+t=l}
wjnen,s(w
k
n)#en,ten,l
=
∑
{s,t s+t=l}
wjn(δs,kw
k
n)#δt,len,t
=
{
wj+kn #en,l if k + l = i
0 otherwise
As an interesting computational sideline, there is a nice way to associate
the actions of en,i and w
j
n within EndQ(Q(wn)) as matrices and the w
j
n#en,i
as products of these matrices. We demonstrate this explicitly in the case
p = 3 and n = 1.
Viewing {1, w, w2} as the basis for Q(w), each ei can be represented as
a 3 × 3 matrix which is zero except for the i+ 1st column which consists
of the i+ 1st elementary basis vector for V = Q3. i.e. We’re making the
identification EndQ(Q(w)) ∼= EndQ(V ) ∼= GL3(Q). Similarly, we view wi as
left multiplication lwi for i = 0, 1, 2 which act to cyclically rotate the basis
vectors {1, w, w2}. This yields the following 6 matrices:
l1 =
1 0 00 1 0
0 0 1
 e0 =
1 0 00 0 0
0 0 0

lw =
0 0 a1 0 0
0 1 0
 e1 =
0 0 00 1 0
0 0 0

lw2 =
0 a 00 0 a
1 0 0
 e2 =
0 0 00 0 0
0 0 1

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which when multiplied in pairs {lwjei} yield nine matrices{1 0 00 0 0
0 0 0
 ,
0 0 00 1 0
0 0 0
 ,
0 0 00 0 0
0 0 1
 ,
0 0 01 0 0
0 0 0
 ,
0 0 00 0 0
0 1 0
 ,
0 0 a0 0 0
0 0 0
 ,
0 0 00 0 0
1 0 0
 ,
0 a 00 0 0
0 0 0
 ,
0 0 00 0 a
0 0 0
 ,}
corresponding to the {wjn#ei}. Note also that this set is clearly a basis for
the endomorphism ring since
∑
j,i cj,ilwjei equalsc0,0 c2,1a c1,2ac1,0 c0,1 c2,2a
c2,0 c1,1 c0,2

which, given that a ∈ Q, gives every 3× 3 matrix over Q for unique choices
of {cj,i}. One sees the same motif for larger p and n, namely a pn × pn
matrix where every entry above the main diagonal is multiplied by a.
3 Profinite Forms
In this section we shall construct a profinite Hopf algebra form that satisfies
a generalization of the following:
Theorem 3.1:[6, Theorem 5] Let G be a finitely generated group with fi-
nite automorphism group F = Aut(G). Then there is a bijection between
Gal(k, F ) (extensions of k with Galois group F ) and Hopf(k[G]) (Hopf alge-
bra forms of k[G]) which associates with each F -Galois extension K of k the
Hopf algebra
H = {
∑
cgg ∈ KG|
∑
f(cg)f(g) =
∑
cgg for all f ∈ F}
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Furthermore, H is a K-form of k[G] by the isomorphism
ω : H ⊗K ∼= KG, ω(h⊗ a) = ah
By construction, all the Hn are Q-Hopf algebras which are Q(ζn)-forms
of the group rings Q[Nn] and are examples of the above theorem in action.
The reason for this is that ∆n is isomorphic to the automorphism group of
the cyclic group Nn as well as to Gal(Q(ζn)/Q). What we would like to
do now is to consider a profinite version of the above result. The usage of
the term profinite is motivated by looking at the construction of the Galois
group of a direct limit (union) of field extensions. In particular, for a base
field F , if L = lim
→
K where K is a chain of sub-fields of L containing F ,
then if each K is a Galois extension of F then Gal(L/F ) = lim
←
Gal(K/F )
the inverse limit of the Galois groups of each of the K/F .
Here we shall consider the fields Q(wn) where each wn is chosen to be
a pn-th root of a fixed a ∈ Q which is not already a pn-th root of a rational
for any n. Even though these are not normal extensions of Q, by what we
have already shown each is Hopf-Galois over Q with respect to the Hopf
algebras Hn. As such, we will start with an inverse system using the Hn.
The resulting Hopf algebra will be a form of a topologically finitely gener-
ated group whose automorphism group is not finite, but which satisfies the
above theorem. That the automorphism group is infinite contrasts with the
setup in [6].
One issue to be dealt with first is that, while the Hn are all Q-Hopf
algebras, the group rings Q(ζn)[Nn] (which contain each Hn) are Q(ζn)-
Hopf algebras for each n. As such, one cannot start with a directed system
involving these group rings, and then descend since these all lie in distinct
categories of Hopf algebras, one for each ground field Q(ζn).
As each Hn is Q(ζn)-form of Q[Nn] then one may base change all Hn
up to Q(ζ∞) to yield group rings (and Q(ζ∞)-Hopf algebras) Q(ζ∞)[Nn], as
14
diagrammed below.
Q(ζ∞)[N1] Q(ζ∞)[N2]oo Q(ζ∞)[N3]oo . . .oo Q(ζ∞)[Nn]oo . . .oo
Q(ζ3)[N3]
♦♦
♦♦
♦♦
♦♦
♦♦
♦
Q(ζ2)[N2]
♦♦
♦♦
♦♦
♦♦
♦♦
♦
Q(ζ1)[N1]
H1 H2oo H3oo . . .oo Hnoo . . .oo
As such, we will define a pair of inverse systems of Hopf algebras over Q
and Q(ζ∞) which will be related by descent.
Define νj,i : Q(ζ∞)[Nj ] −→ Q(ζ∞)[Ni] for j ≥ i as follows:
νj,i(q) = q for q ∈ Q(ζ∞)
νj,i(σj) = σi
Hence νi,i is the identity map on Q(ζ∞)[Ni] and νj,i◦νk,j = νk,i for k ≥ j ≥ i
and we have the following obvious fact.
Lemma 3.2: νj,i is a surjective map of Q(ζ∞)-Hopf algebras.
Proof. The surjectivity is obvious given that νj,i is surjective as a group ho-
momorphism from Nj to Ni which, since it acts as the identity on the coef-
ficients, is also seen to be a Hopf algebra morphism between the respective
group rings.
We also need to consider whether the νj,i restrict to the Hn. As each
Hn ⊆ Q(ζn)[Nn] ⊆ Q(ζ∞)[Nn] is the span of {en,i} given in 2.1 then it
makes sense to compute νn,n−1(en,i).
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Lemma 3.3: For en,i where i ∈ Zpn as given in 2.1, then
νn,n−1(en,i) =
{
en−1,i/p if i ∈ pZpn−1 ⊆ Zpn
0 otherwise
Proof. We have
en,i =
1
pn
pn−1∑
j=0
ζ−ijn σ
j
n
so that, if i ∈ pZpn−1 then
νn,n−1(en,i) =
1
pn
pn−1∑
j=0
ζ−ijn σ
j
n−1
=
1
pn
pn−1∑
j=0
ζ
− i
p
j
n−1 σ
j
n−1
=
p
pn
pn−1−1∑
j=0
ζ
− i
p
j
n−1 σ
j
n−1

= en−1,i/p
where the passage from ζn to ζn−1 is due to the fact that i is a multiple of p.
Since each j ∈ Zpn can be written as apn−1 + b where a ∈ Zp and b ∈ Zpn−1 ,
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then if i is not a multiple of p we have
νn,n−1(en,i) =
1
pn
pn−1∑
j=0
ζ−ijn σ
j
n−1
=
1
pn
pn−1−1∑
b=0
p−1∑
a=0
ζ−i(ap
n−1+b)
n σ
apn−1+b
n−1
=
1
pn
pn−1−1∑
b=0
p−1∑
a=0
ζ−i(ap
n−1+b)
n σ
b
n−1
=
1
pn
pn−1−1∑
b=0
ζ−ibn
(
p−1∑
a=0
ζ−i(ap
n−1)
n
)
σbn−1
=
1
pn
pn−1−1∑
b=0
ζ−ibn
(
p−1∑
a=0
ζ−ia1
)
σbn−1
=
1
pn
pn−1−1∑
b=0
ζ−ibn (0)σ
b
n−1
= 0.
It is interesting to note that, νn,n−1 : Hn → Hn−1 where Hn = (QNn)∗
andHn−1 = (QNn−1)
∗ can be viewed as the dual of the natural map αn−1,n :
QNn−1 → QNn given by αn−1,n(σn−1) = σpn since then α∗n−1,n would be
defined by α∗n−1,n(en,i)(σ
j
n−1) = en,i(σ
pj
n ) = δi,pj. As such α
∗
n−1,n(en,i) = 0 if i
is not a multiple of p, and if iwere a multiple of p then α∗n−1,n(en,i) = en−1,i/p
which is exactly what we get with νn,n−1.
The Hn are constructed as (Q(ζn)[Nn])
∆n where ∆n acts diagonally on
the scalars and group elements by virtue of it being Gal(Q(ζn)/Q) and
isomorphic to Aut(Nn). In a related way we will consider the action of
Gal(Q(ζ∞)/Q) on each Q(ζ∞)[Nn]. Define φj,i : ∆j −→ ∆i (j ≥ i) by
φj,i(δj) = δi. It is easy to verify that {∆i, φj,i} is also an inverse system and
we shall define
∆∞ = lim←−∆i
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which, amongst other things, is the Galois group of the profinite extension
Q(ζ∞)/Q. Furthermore, if we restrict νj,i to the Nj then it is clear that
{Nj, νj,i} is an inverse system and we shall define N∞ = lim←−Nj . Each Nj
is cyclic of order pj and ∆∞ is also the inverse limit of the automorphism
groups of each Nj . Since a given primitive root π mod p is also a primitive
root mod pn then we can choose the Galois group of Q(ζj) to be generated
by an element which acts to a raise ζj to π for all j. Similarly, each auto-
morphism group is generated by an element which acts to raise σn to the
same power as well. We have the following which is known, for example
[4, p.656], but we present here for use later.
Proposition 3.4:
N∞ ∼= {{σajj } ∈ Π∞j=1Nj | νj,i(σajj ) = σaii (mod pi))}
∼= {{σajj } ∈ Π∞j=1Nj | aj ≡ ai (mod pi))}
∼= Jp the p-adic integers
∆∞ ∼= {{δeii } ∈ Πj=1∆j | φj,i(δejj ) = δeii }
∼= {{δeii } ∈ Πj=1∆j | ej ≡ ei (mod pi)}
∼= (Jp)∗ the unit p-adic integers
Note, exponents aj in the definition of N∞ lie in Zp whereas the ej
in the definition of ∆∞ lie in (Zp)
∗. And since component-wise ∆j is the
automorphism group of each Nj , then the congruence conditions on the
respective exponents aj and ej yield the following which is also known.
Proposition 3.5: Aut(N∞) ∼= ∆∞
This could also be deduced from the fact that Aut(Zp) ∼= (Zp)∗. More-
over, this implies that ∆∞ acts by restriction on each Ni as Aut(Ni). As
such, ∆∞ acts on each Q(ζ∞)[Ni] which yields the following.
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Lemma 3.6: The following diagram commutes:
Q(ζ∞)[Nj]
δj

νj,i // Q(ζ∞)[Ni]
δi

Q(ζ∞)[Nj] νj,i
// Q(ζ∞)[Ni]
Lemmas 3.2,3.3, and 3.6 imply that
{Q(ζ∞)[Nj ]} and {(Q(ζ∞)[Nj])∆∞} and {Hj}
are inverse systems with respect to νj,i where we have:
lim←−Q(ζ∞)[Nj ] = Q(ζ∞)[N∞]
and if we define
H∞ = lim←−Hj
we ask what the relationship is between Q(ζ∞)[N∞] and H∞?
We have the following:
Theorem 3.7:
(a) Q(ζ∞)⊗Q H∞ ∼= Q(ζ∞)[N∞]
(b) H∞ = (Q(ζ∞)[N∞])
∆∞
Proof. That ∆∞ acts on Q(ζ∞)[N∞] is clear given the previous observations
that∆∞ is isomorphic to Gal(Q(ζ∞)/Q) and Aut(N∞). Moreover by 3.6 we
have that δi(νj,i(x)) = νj,i(δj(x)) = νj,i(φj,i(δi)(x)) for all x ∈ Q(ζj)[Nj ]. (i.e.
we may think of the νj,i’s as ∆∞-maps) By virtue of 3.2 and 3.6 we have:
H1 H2ν2,1
oo . . .ν3,2
oo Hnoo . . .oo
H∞
ψ1
aa❉❉❉❉❉❉❉❉
ψ2
OO
ψn
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
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where the ψi are the canonical projections out of the direct limit. If we base
change the above up to Q(ζ∞) then we have the following:
Q(ζ∞)⊗H1 Q(ζ∞)⊗H2ν2,1⊗1oo . . .ν3,2⊗1oo Q(ζ∞)⊗Hnoo . . .oo
Q(ζ∞)⊗H∞
ψ1⊗1
hh◗◗◗◗◗◗◗◗◗◗◗◗
ψ2⊗1
OO
ψn⊗1
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
But since Q(ζn) ⊗Q Hn ∼= Q(ζn)[Nn] and since Q(ζn) ⊆ Q(ζ∞) for all n
then the above diagram becomes:
Q(ζ∞)N1 Q(ζ∞)N2ν2,1⊗1
oo . . .
ν3,2⊗1
oo Q(ζ∞)Nnoo . . .oo
Q(ζ∞)⊗H∞
ψ1⊗1
gg❖❖❖❖❖❖❖❖❖❖❖❖
ψ2⊗1
OO
ψn⊗1
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
In general, direct limits ’commute’ with the taking of tensor products, but
the same is not true generally for inverse limits, since tensor product does
not usually commute with direct products. However, we can ’build up’
to Q(ζ∞) ⊗ H∞ by first looking at Q(ζm) ⊗ Πn≥1Hn where each Q(ζm) is
certainly finitely generated and projective as a Q-module. As such, by [10,
Prop. 1.1] the canonical map Q(ζm) ⊗ Πn≥1Hn → Πn≥1Q(ζm) ⊗ Hn is a
bijection. By 2.3 we have that Q ⊗ Hn contains Q(ζm)[〈σpn−mn 〉]. And since
tensor product does commute with direct limits, we have
Q(ζ∞)⊗Πn≥1Hn ∼= (lim
−→
m
Q(ζm))⊗Πn≥1Hn
∼= lim
−→
m
(Q(ζm)⊗ Πn≥1Hn)
∼= lim
−→
m
(Πn≥1Q(ζm)⊗Hn)
where now, viewing the direct limit as union, we have that each component
in the direct product Q(ζ∞)⊗Πn≥1Hn is exactly Q(ζ∞)[Nn]. So, within this
direct product, we have the sub-algebra determined by the νn,n−1 which is
the inverse limit of Q(ζ∞)[Nn], that is
Q(ζ∞)⊗Q H∞ = Q(ζ∞)⊗Q (lim←−Hn) = lim←−(Q(ζ∞)[Nn]) = Q(ζ∞)[N∞]
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which completes the proof of (a).
To show (b) we we shall use the canonical constructions of lim←−(Q(ζ∞)Nj) =
Q(ζ∞)[N∞] and lim←−Hi = H∞. We have
Q(ζ∞)[N∞] ∼= {{γj} ∈ Π∞j=1Q(ζ∞)[Nj ] | νj,i(γj) = γi)}
H∞ ∼= {{γj} ∈ Π∞j=1Hj | νj,i(γj) = γi)}
where the usage of γj in both is not an abuse of notation since Hj ⊆
Q(ζ∞)[Nj] for each j and so also there is containment of the direct products.
Now if δˆ = {δejj } ∈ ∆∞ and {γj} ∈ Q(ζ∞)[N∞] then {γj}δˆ = {γj} implies
that δej(γj) = γj for all j. The question is does this imply that γj ∈ Hj for
all j ≥ 1? Yes, because ∆∞ contains {δejj } where ej = 1 for any specified
j ≥ 1, so indeed δj(γj) = γj for each j ≥ 1 and therefore {γj} ∈ Π∞j=1Hj.
But now, since {γj} ∈ Q(ζ∞)[N∞] we have νj,i(γj) = γi so when restricted
to γj ∈ Hj we have {γj} ∈ H∞. Thus (Q(ζ∞)[N∞])∆∞ ⊆ H∞.
The other inclusion is obvious since H∞ ⊆ Q(ζ∞)[N∞] and is fixed by
all of Π∞j=1∆j , so therefore by ∆∞.
One should note that H∞ is generated by {en,in} (in the direct product)
where in = p · in−1 which makes sense if we go back to the observation
earlier that each Hn is isomorphic to (QNn)
∗ where now
H∞ ∼= lim←−(Q[Nn])
∗
= lim←−Hom(Q[Nn],Q)
∼= Hom(lim−→Q[Nn],Q)
where lim−→Q[Nn] is the group ring over the p-Pru¨fer group formed from the
union of the {Nn} since each are cyclic of order pn. It is also interesting to
note that (again as cited in [4]) the automorphism group of the p-Pru¨fer
group is also isomorphic to ∆∞ ∼= (Jp)∗. Undoubtedly, this is obliquely a
manifestation/result of the fact (cited in [1] for example) that Jp and the p-
Pru¨fer group are Pontryagin duals of each other. That H∞ is a Hopf algebra
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is a consequence of the fact that Q(ζ∞)/Q (being a direct limit of faithfully
flat extensions) is a faithfully flat extension so by general descent theory [9]
such an extension preserves and reflects structures such as Hopf algebras.
That is, since H∞ is a Q(ζ∞) form of Q[N∞] which is a Hopf algebra then
H∞ is a Hopf algebra over Q. This is also a rare example of where the
dual of an infinite dimensional Hopf algebra is itself a Hopf algebra since
typically one loses the ’closure’ of the induced co-algebra structure on the
dual in this setting. Aside from this descent theoretic proof of this fact, it
is the author’s conjecture that H∞ is Hopf, even though it is the dual of an
infinite group, since said infinite group is torsion. That is the finite dual is
the dual.
Additionally, in view of 3.5 and that Gal(Q(ζ∞)/Q) = ∆∞, this yields a
nice generalization of Theorem 5 of [6].
4 Q(w∞)/Q as an H∞-Galois extension
The field Q(w∞) is certainly linearly disjoint to Q(ζ∞) over Q. Moreover,
the normal closure of Q(w∞) contains Q(ζ∞)Q(w∞) since the splitting field
for all polynomials of the form xp
n − a must contain Q(ζ∞) and Q(w∞). It
then must be contained in Q(ζ∞)Q(w∞) since the minimal polynomial of
any element inQ(w∞) is split inQ(ζ∞)Q(w∞). The question is, can we view
Q(w∞)/Q as a Hopf-Galois extension with respect to the action of H∞?
The difficulty that arises is in verifying that H∞ acts on Q(w∞) in the
same way that a profinite Galois group would act on a direct limit (union)
of the intermediate fields. Since Q(w∞) is the direct limit (union) over
all Q(wp
n
) ⊆ Q(w∞) then if it were a normal extension, its Galois group
would be the inverse limit of the Galois groups of each intermediate field
over Q. We have that for each n there is an isomorphism Q(wn)#Hn ∼=
EndQ(Q(wn)) and since Q(w∞) = lim−→Q(wn) then we wish to examine the
relationships between EndQ(Q(w∞)) and Q(w∞)#H∞.
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We first observe that
End(Q(w∞)) = Hom(lim
−→
n
Q(wn), lim
−→
m
Q(wm))
∼= lim
←−
n
Hom(Q(wn), lim
−→
m
Q(wm))
∼= lim
←−
n
[
lim
−→
m
Hom(Q(wn),Q(wm))
]
where the direct limit (over n) in the first component becomes the inverse
limit induced by the natural restriction map
Hom(Q(wn), lim
−→
m
Q(wm)) −→ Hom(Q(wn−1, lim
−→
m
Q(wm))
since Q(wn−1) ⊆ Q(wn). The direct limit (over m) from the second compo-
nent is permitted to be moved outside due to the fact that Q(wn) is finitely
presented for each n.
Proposition 4.1: The algebra Hom(Q(wn),Q(wm)) is isomorphic to
(a) Q(wm)#Hm,n where Hm,n is the sub-algebra of Hm spanned by {em,i}
for i ∈ pm−nZpn ⊆ Zpm if m ≥ n or
(b) the sub-algebra of Q(wn)#Hn spanned by {wjn#en,i} where i ∈ Zpn
where pn−m
∣∣j + i if m < n.
Proof. If m ≥ n then Hom(Q(wn),Q(wm)) ⊆ Hom(Q(wm),Q(wm)) where
the latter is isomorphic to Q(wm)#Hm. As given in (4),
(wjm#em,i)(w
tpm−n
m ) =
{
0 i 6= tpm−n
wj+tp
m−n
m i = tp
m−n
so those elements of Q(wm)#Hm that have domain Q(wn) = Q((wm)
pm−n)
are exactly wjm#em,i for i ∈ pm−nZpn ⊆ Zpm. If one views these as pm × pm
matrices, then this sub-algebra consists of those matrices where (if num-
bering columns from 0) have non-zero columns if the column index is in
pm−nZpn ⊆ Zpm .
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Ifm < n then wm = w
pn−m
n and soHom(Q(wn),Q(wm)) ⊆ Hom(Q(wn),Q(wn))
where the latter is isomorphic to Q(wn)#Hn. However, here the co-domain
is restricted to Q(wm) ⊆ Q(wn) so any wtn must map to Q(wm). Again, by
(4),
(wjn#en,i)(w
t
n) =
{
0 i 6= t
wj+tn i = t
so as t varies over Zpn so must iwhich means j is restricted by the condition
that j + t must be a multiple of pn−m which means pn · pm choices for
(j, i) which is dimensionally correct given the domain and co-domain of
the homomorphisms in question.
If one now considers the direct limit
lim
−→
m
Hom(Q(wn),Q(wm))
for a given n, then one is looking at endomorphisms ofQ(wm), generated by
left multiplication by elements of Q(wm) together with those arising from
each sub-algebra, either Hn (when m < n) or Hm,n for those m ≥ n. If for
notational uniformity we define Hm,n = Hn when m < n then we wish to
first consider the direct limit lim
−→
m
Hm,n.
Although we are considering the action on Q(w∞) by H∞, which is the
inverse limit of the Hm, there is a natural embedding of Hm into Hm+1 via
em,i 7→ em+1,pi. Concordantly, for m ≥ n this restricts to an embedding
Hm,n →֒ Hm+1,n for each n since if i ∈ pm−nZpn then pi ∈ pm+1−nZpn .
However, this embedding is, in fact, an isomorphism since dim(Hm,n) = p
n
for each m! Moreover, for each m < n, Hm,n = Hn so that, in fact:
lim
−→
m
Hm,n ∼= Hn
and since the union of the scalars Q(wm) is Q(w∞) then we have proved:
Proposition 4.2:
lim
−→
m
Hom(Q(wn),Q(wm)) ∼= Q(w∞)#Hn
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This leads us to the main result for this section.
Theorem 4.3:
End(Q(w∞),Q(w∞)) ∼= Q(w∞)#H∞
Proof. The principal observation needed is that the inverse limit
lim
←−
n
Hom(Q(wn),Q(w∞))
∼= lim
←−
n
Q(w∞)#Hn
arises from the natural restriction maps, but these correspond exactly to
the νn,n−1 given earlier in the construction of H∞ which act as the identity
on Q(w∞), that is:
lim
←−
n
Q(w∞)#Hn ∼= Q(w∞)#H∞
so that the endomorphism ring of Q(w∞) is the latter smash product, mak-
ingQ(w∞)/Q a Hopf-Galois extension with respect to the action ofH∞.
The last consideration is if H∞ can be viewed within the Greither-
Pareigis theory. We have thatH∞ is aQ(ζ∞)-form (and therefore aQ(w∞, ζ∞)-
form) of the group ring QN∞. In terms of normal complements involving
the Galois groups of the relevant intermediate extensions, namely
N∞ = Gal(Q(w∞, ζ∞)/Q(ζ∞))
∆∞ = Gal(Q(ζ∞)/Q)
N∞∆∞ = Gal(Q(w∞)Q(ζ∞)/Q
the extension Q(w∞)/Q is almost classical. (i.e. ’N ’ is N∞) The delicate
part is if N∞ can be viewed as a regular subgroup, and moreover, of what
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ambient symmetric group? The construction ofH∞ parallels that of a profi-
nite Galois group acting on a direct limit (union) of field extensions, where
the restriction to a given sub-field in the chain corresponds to the action of
the Galois group acting on that field extension. Here, H∞ acts by restric-
tion on Q(wn) as Hn where, by Greither-Pareigis, there is a corresponding
regular subgroup of Nn ≤ Perm(Γn/∆n). Observe however that, as seen
earlier, Γn = Nn∆n so that Γn/∆n = {σin∆n} and where Nn acts naturally
on the left, just as it would act on itself via the left regular representation.
(i.e. identify Perm(Γn/∆n) ∼= Perm(Nn)) In the limit, the analogue would
be N∞ a regular subgroup of Perm(N∞∆∞/∆∞) ∼= Perm(N∞), via the left
action, given that the left regular representation is the canonical example
of a regular permutation group.
As such, in any related construction of an inverse limit of Hopf alge-
bras acting on intermediate extensions, we should expect the restriction to
any intermediate extension to also give rise to a regular subgroup embed-
ded in the corresponding ambient symmetric group. And for the resulting
Hopf algebra to be a form of a group ring over a profinite group, similarly
embedded in the corresponding (infinite) ambient symmetric group.
5 Other Radical Extensions
As given in 1.4, for a radical extension of the form k(w)/k, as one increases
the number of p-th power roots of unity in the base field, the number of
Hopf-Galois structures, including the number of almost classical structures
increases as well. For example, Q(ζ1, wn)/Q(ζ1) has p Hopf-Galois struc-
tures, all pmin(1,n−1) = p1 = p of which are almost classical. Moreover, the
N ’s which arise are all cyclic of order pn. For the case of Q(ζ1, wn)/Q(ζ1)
we have
Γn,1 = Gal(Q(ζn, wn)/Q(ζ1)) = 〈σn, βn〉
where 〈σn〉 = Gal(Q(ζn, wn)/Q(ζn)) which we shall denote by Nn,0, which
is cyclic of order pn, of course, and 〈βn〉 = Gal(Q(ζn, wn)/Q(ζ1, wn)), which
is cyclic of order pn−1 We note, in passing, that Γn,1 is the Sylow p-subgroup
of Gal(Q(ζn, wn)/Q) since 〈βn〉 is the Sylow p-subgroup of Gal(Q(ζn)/Q).
One can show (by [8, Theorem 3.3]) that Nn,0 and Nn,i = 〈σiβpn−2〉 for
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i ∈ Up are the p different normal complements to 〈βn〉 in Γn,1, all of which
are cyclic of order pn of course. If we denote by En,i = (Q(ζn, wn))
Ni
then Q(ζ1, wn)/Q(ζ1) is Hopf-Galois with respect to the action of Hn,i =
(Ei[Nn,i])
〈βn〉
Q(ζn, wn)
Nn,i
tt
tt
tt
tt
tt
Γn,1
〈βn〉
◆◆
◆◆
◆◆
◆◆
◆◆
◆
En,i
〈βn〉 ❏❏
❏❏
❏❏
❏❏
❏❏
Q(ζ1, wn)
Hi=(En,i[Nn,i])
〈β〉
♣♣
♣♣
♣♣
♣♣
♣♣
♣
Q(ζ1)
To see the relationship between the Nn,i for different n, consider first the
relationship between the n = 2 and n = 3 cases. First observe that N0,2 ⊆
N0,3 where, concordantly E2,0 = Q(ζ2) = (Q(ζ2, w2))
N2,0 ⊆ (Q(ζ3, w3))N3,0 =
Q(ζ3) = E3,0. For the other N2,i and N3,j we have the following.
Q(ζ3, w3)
N3,j=〈σ
j
3β
p
3 〉
❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦ 〈β3〉← order p2
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
E3,j
?
Q(ζ2, w2)
N2,i=〈σ
i
2β2〉
✉✉
✉✉
✉✉
✉✉
✉✉ 〈β2〉← order p
▼▼
▼▼
▼▼
▼▼
▼▼
▼
Γ2,1
Q(ζ1, w3)
qq
qq
qq
qq
qq
q
E2,i
❏❏
❏❏
❏❏
❏❏
❏
Q(ζ1, w2)
qq
qq
qq
qq
qq
q
Q(ζ1)
We have that Gal(Q(ζ3, w3)/Q(ζ1)) = 〈σ3, β3〉 where σ3(w3) = ζ3w3 of
course, and β3 generates the Sylow p-subgroup of Gal(Q(ζ3, w3)/Q(w3)),
which, by natural irrationality, is isomorphic to the Sylow p-subgroup of
Gal(Q(ζ3)/Q), namely Gal(Q(ζ3)/Q(ζ1)). As such β3(ζ3) = ζ
pi(p−1)
3 where π
is the primitive root mod p, which we observed earlier is the same for all
higher powers of p. And since wp3 = w2 and ζ
p
3 = ζ2 thenGal(Q(ζ2, w2)/Q(ζ1))
equals 〈σ2, β2〉 where σp3 = σ2. Indeed, σ3(w2) = σ3((w3)p) = (ζ3w3)p =
ζ2w2 = σ2(w2) and similarly β3(ζ2) = β3((ζ3)
p) = ζppi
(p−1)
3 = ζ
pi(p−1)
2 = β2(ζ2),
that is the action of σ3 restricts to σ2 and β3 to β2. As such, for E3,j and E2,i
given above, E2,i ⊆ E3,j only when i = j. Moreover, we have a natural sur-
jection N3,i → N2,i given by σi3βp3 7→ σi2β2. In general therefore, by viewing
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Gal(Q(ζn−1, wn−1)/Q(ζ1) ⊆ Gal(ζn, wn)/Q(ζ1)) we have the following
Proposition 5.1: ForGal(Q(ζn, wn)/Q(ζ1)) = 〈σn, βn〉 then for i ∈ {0, . . . , p−
1} there is containment En−1,i ⊆ En,i where En,i is the fixed field of Nn,i.
Moreover {Nn,i, νn,n−1} (for n ≥ 3) forms an inverse system where for i = 0
νn,n−1(σn) = σn−1, and for i ∈ Up that νn,n−1(σinβpn−2n ) = σin−1βp
n−3
n−1 .
Also, one can observe that 〈βn〉 normalizes each Nn,i so that Nn,i is
a normal complement to 〈βn〉 in Gal(Q(ζn, wn)/Q(ζ1)). Also, since each
Nn,i is Abelian (and therefore its own opposite) then Q(wn)/Q(ζ1) is Hopf-
Galois with respect to the action of Hn,i = (En,i[Nn,i])
〈βn〉 where each is
a En,i-form of the group ring Q(ζ1)[Nn,i]. If we define ∆n = 〈βn〉 then
we may form the inverse limit ∆∞ of the system {∆n, φn,n−1} in the same
fashion as we used to define ∆∞. Similarly, we may define N∞,i = lim
←−
Nn,i
and E∞,i = lim
−→
En,i, and H∞,i = lim
←−
Hn,i. In a manner identical to that
developed earlier, we have therefore that Q(w∞, ζ1)/Q(ζ1) is a Hopf-Galois
extension with respect to the action of H∞,i, where H∞,i ∼= (E∞,i[N∞,i])∆∞
and E∞,i ⊗ H∞,i ∼= E∞,i[N∞,i]. This shows that the non-uniqueness of the
Hopf-Galois structures which may act on a given extension holds for infinite
extensions such as these.
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